The paper presents the mathematical concepts underlying the new adaptive finite element code KASKADE, which, in its present form, applies to linear scalar second-order 2-D elliptic problems on general domains. Starting point for the new development is the recent work on hierarchical finite element bases due to Yserentant (1986) . It is shown that this approach permits a flexible balance between iterative solver, local error estimator, and local mesh refinement device -which are the main components of an adaptive PDE code. Without use of standard multigrid techniques, the same kind of computational complexity is achieved -independent of any uniformity restrictions on the applied meshes. In addition, the method is extremely simple and all computations are purely local -making the method particularly attractive in view of parallel computing. The algorithmic approach is illustrated by a well-known critical test problem.
Introduction
In the field of ordinary differential equations, adaptive techniques have been standard for many years. In boundary value problems involving partial differential equations, however, most of the work still concentrates on uniform or quasi-uniform grids. Because of the additional complications arising from the boundary geometry, this class of problems should even more be attacked by adaptive techniques -in view of real life applications in science and engineering. The present paper focusses on the mathematical concepts underlying our new adaptive finite element code KASKADE. In its present version, this code applies to scalar self-adjoint second-order plane elliptic problems on general domains. Among the most popular comparable codes in the field are PLTMG due to Bank [3] and NFEARS due to Mesztenyi/Rheinboldt [10] . Both of these codes apply to nonlinear problems and offer path continuation facilities, whereas KASKADE at present just applies to linear problems. Despite of this present restriction and a number of features that KASKADE shares with PLTMG, the new code opens an independent line of development -both in its concept and its implementation. Starting point is the rather recent work of Yserentant [12] on hierarchical finite element bases. Without use of standard multigrid techniques [8, 11, 4] , the new code nevertheless achieves the same kind of computational complexity -independent of any uniformity restriction on the applied meshes. An important feature of the new method is its enticing simplicity. All computations are local, which implies small start-up times and no assembling of the global matrix. This feature makes the method particularly attractive in view of parallel computing. Conceptually, this simplicity permits a rather flexible balance between the three main components of an adaptive PDE code, which are: the iterative solver, the local error estimator, and the local mesh refinement.
The basic idea of the iterative linear equation solver implemented in KASKADE is outlined in Section 1 -there in the simplified context of uniform grid refinement. In Section 2, an edge-oriented estimator for the local discretization error is derived. It is the basic tool for the local mesh refinement strategy described in detail in Section 3. Moreover, this section deals with the hierarchical basis construction for nonuniformly refined meshes, the procedure nesting the termination criteria of the iteration with the discretization error estimator, and a complexity estimate for the general case. Finally, in Section 4, a critical numerical example illustrates the efficiency of the new approach.
Basic Idea
Let Q C IR 2 denote a bounded polygonal domain with boundary dO composed of two disjoint parts dCli,dQ 2 where a is a symmetric positive definite (2,2)-matrix, and a, g, / are assumed to be piecewise continuous. For simplicity, the assumption q{x) > 0 is made throughout this paper. However, an extension of the method to the indefinite case (q{x) either sign) is possible along the lines worked out in Yserentant [13] . The weak formulation associated with (1.1) is: find a function U G H(Q) satisfying
where where the Dirichlet boundary condition is understood to hold in the sense of the trace operator. Assume that (1.2) has a unique solution (which excludes, for instance, the case q(x) = 0 , dCli =0). For a finite element treatment of (1. •> Figure 1 Uniform mesh refinement.
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Figure 2 Nodal bases for 5, -in the 1-D case (homogeneous Dirichlet boundary conditions).
Each triangulation Ti is associated with the piecewise linear element space $i of dimension n t -. Usually, 5,-is represented by its nodal basis -see Figure  2 for the 1-D case. The method to be described herein uses the alternative representation in terms of hierarchical bases (compare Yserentant [12] ). In Figure 3 , the corresponding 1-D case is illustrated. The essential feature of this representation is that S,+i is partitioned according to Note that in this estimate the usually critical case of small a is uncritical, whereas the best case a = 1 appears to be the critical one. As shown above, the crucial condition nesting the different levels is ( 
Error Estimation
An actual realization of the cascade iteration described in the preceding section requires an estimator for both the discretization error and the iteration error -compare the crucial criterion (1.26). At the same time, a discretization error estimator is anyway required for the construction of nonuniform meshes. In principle, the highly efficient and reliable triangle oriented local error estimator of Bank and Weiser [7] , which is realized in PLTMG [3] , could also be applied in the context here. However, in the hierarchical basis framework, a much simpler edge oriented local error estimator seems to be worth discussing. This alternative is the subject of this section. The method to he developed has certain similarities with ideas of Zienkiewicz and Craig; see [14] , for example. Let T be a fixed triangulation, which is either the initial triangulation or a triangulation obtained in the course of the adaptive process described in where 
The Adaptive Algorithm
In the preceding sections, the main ingredients necessary for the construction of our adaptive finite element code KASKADE have been presented. In Section 1, the iterative solver has been outlined -however, in the restricted situation of uniform grid refinement, which is relieved in the present section. In Section 2, an estimator for the local discretization error has been worked out -which will be used to derive the strategy for nonuniform mesh refinement.
The process for solving the boundary value problem (1.2) starts at some initial triangulation T° -usually given by the user or generated by some preprocessor. It is assumed that T° reflects the geometry [12] and [5] .
Termination Criteria for the Iterative Solver. Assume that an approximate solution U{-i € S* _1 of problem (1.2) is given, which has discretization error accuracy, i.e.
ll^-^ill^ll^x-^H (3.6) in the notation of Section 1. This relation certainly holds for t = 1 (direct solution on cascade level 0). The aim is now to compute the approximate solution U{ G S* on the already given triangulation T*. First, an initial approximation U^ G S* is determined. For this purpose, one merely keeps all hierarchical basis coefficients associated with C/,_i and sets the new coefficients to zero. Then the conjugate gradient method is applied to the preconditioned form corresponding to (1.15) of the arising linear system. From (1.26), the ideal termination criterion for the iteration would be
W&i-UiWKEiWÜi^-UW . (3.7)
As in Section 1, an efficient choice of the parameter e,-deserves special consideration. The principle transferred from Section 1 is that the g{ should reflect the best possible behavior of the discretization error. For an irregular problem and quasi-uniform meshes the discretization error is wellknown to behave like 0(h), which means
Using conformally mapped uniform meshes one can show that this approximation order can be reached for a fairly general class of problems. This leads to the choice 9) wherein the safety factor p takes care of the considerations of Section 1 and of the estimation of the norms arising in (3. which corresponds to (1.27). Therefore efficiency would only be lost for finite element approximations behaving better than (3.8).
Complexity Estimate. In order to estimate the complexity of this procedure, first one needs some knowledge about the growth of the number of unknowns from one cascade level to the next. Let n t -be the number of vertices of the triangulation T*. Since T*, i > 1, has to pass the test (3.4), one has 5 < -, t > 1 .
To get an'upper bound for this quotient assume that T is the last intermediate triangulation before T\ The number n of vertices of T does not pass the test (3.4). Thus n < s -n t _i .
After the green edges of T have been removed, every remaining triangle is subdivided at most once into four red triangles. Therefore in the transition form T to T* the number of newly created vertices is bounded by the number of edges of T. Let 70 denote the maximal number of edges meeting at a vertex of T°. Then at most 7 = max(70> 6) edges meet at a vertex of T. Therefore n.--n <>. -• n , -2 and finally follows. Corresponding to (1.33), the number of preconditioned cg-iterations on cascade level i necessary to achieve ||Öi-Dll|<e 4 ||D< 0 »-ü|| (3.13)
can be estimated by
Herein j\ > i denotes the depth of the triangulation T*. Recalling the construction of Uf' G S % from U^x € S* _1 , one can assume that ||l/f > -U\\ = HÖi., -U\\ . 
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From Figure 16 , the following observations can be made:
• The quantity ERR-EST is only a slight underestimate of the quantity DISTQ -thus nicely confirming our error estimation device (Section 2).
• On the final cascade level (/ = 6), the iteration would normally terminate after 4 steps. Further iterations, which have deliberately been added for illustration purposes, do not "improve" the solution -a fact, which nicely demonstrates the efficiency of our termination criterion (3.7)/(3.9).
• The number of iterations necessary on each cascade level remains small (not greater than 6).
The total computing time for this problem on a Macintosh II work station using the MPW PASCAL compiler is given in Table 1 Summary. This test problem and a series of further examples illustrate the efficiency (robustness, reliability, speed) of our adaptive hierarchical finite element code KASKADE. Independent of the special implementation, the authors feel that with this approach a new door has been opened towards a more efficient treatment of elliptic PDE's on arbitrary 2-D domains arising in science and engineering applications. Table 5 39 Figure 13 Initial triangulation for Example A.4. 
